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Starting -with the -work of Yau [Yl], Donaldson [Dl], and Uhlenbeck-Yau [UY], the notion 
of stability has revealed itself under many guises to be closely related to the existence of 
canonical metrics in Kahler geometry. The equivalence between Hermitian-Einstein metrics 
on vector bundles and Mumford stability was proved by Donaldson and Uhlenbeck-Yau 
in [Dl] and [UY], while the existence of Kahler-Einstein metrics was conjectured in the 
early 1980's by Yau [Y2] to be equivalent to stability in geometric invariant theory. At the 
present time, the Yau conjecture has been at least partially confirmed. The existence of 
Kahler-Einstein metrics has been shown to imply iiT-stability and CM-stability by Tian 
'sj" ! [T2], and more recently to imply Chow- Mumford stability by Donaldson [D2]. 

■ 

^ ! In moduli theory, a non-zero vector Chow(A) in a vector space C-^"*"^ is associated to 
Q I geometric objects A (such as vector bundles or varieties). The vector Chow(A) is defined up 
^ ■ to multiplicative constants, and its GL(A^-l-l) orbit inside uniquely determines A. Thus 
the moduli space can be constructed as the space of orbits. The vector Chow(A) is said to 
be stable if SL{N + 1) ■ Chow(A) C C^"*"-*^ is closed and the stabilizer of Chow(A) is finite. 
Stability is of particular importance, since Geometric Invariant Theory guarantees that the 
space of stable orbits has the structure of an algebraic variety [Mu]. On the other hand, the 
^ ■ emergence of stability as a necessary condition for the existence of canonical metrics can be 
^ ■ quite subtle. Basic to Tian's approach is a remarkable asymptotic equivalence between a 
Lagrangian for constant scalar curvature metrics, namely the Mabuchi energy, and a norm 
II • IIq on the space of Chow vectors which he constructed by dd methods and identified 
with suitable Quillen metrics [Tl, T2]. Quillen metrics had been related to Lagrangians 
for Hermitian-Einstein metrics by Donaldson [D3]. The asymptotic equivalence between 
II ■ IIq and the Mabuchi energy becomes exact for hypersurfaces in P"^"'"^. Donaldson [D2] 
relies instead on the concept of balanced manifolds and Lu's recent evaluation [Lul] of the 
Tian-Yau-Zelditch expansion for the Bergman kernel on positive line bundles. 

In this paper, building on the earlier work of Yau [Y3, Y4], Tian [T1,T2] and Zhang 
[Z], we construct a semi-norm || ■ ||:^ which is defined on the full space H^{Gr,0{d)) of 
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polynomials of degree d on the Grassmann variety Gr, and which gives exactly the Mabuchi 
functional when restricted to the space of Chow vectors, up to a specific current supported 
on the singular locus of the Chow variety. This new semi-norm can be described quite 
explicitly: Let Gr — Gr{N — n — 1, P"^) be the space of N — n — 1 projective planes in P^, 
Pe : Gr{N - n - 1, P^) ^ P(A^-"C^+^) be the Plucker imbedding, and 0(1) = Pe*H, 
where H is the hyperplane bundle on P(A^~"^C-^"'"^). Let ujor — P(-*^jJfs, where ups is 
the Fubini-Study Kiihler form on the space P(A-^~"C^+^). Let d be an arbitrary positive 
integer, and denote by m + 1 = (A^ — + 1) and D = Jq^^^g^^ respectively the 
dimension and the volume of Gr. Then for any / G H'^{Gr,0{d)), we define the norm 
ll/ll#of/by 



(LI) 



d-m-2 1 f \f{zW ..m+i 



^ {m + 2){d-l)' DJar'^''^\Piiz)\^'''^^'' 



where Z — {z & Gr : f{z) = 0}. 

One easily sees that || ■ ||:^ defines a semi-norm on the finite dimensional vector space 
H^{Gr,0{d)): That is, ||A ■ /||# = |A| ■ ||/||# for every A G C and / G H^{Gr,0{d)). 
Moreover, ||/||# > for all /. On the other hand, || • ||# is not a norm since for d > 1 
there exist non-zero elements / G H^{Gr, 0(d)) such that that ||/||# = 0. 

Our main result can be described as follows. Let X C P^ be a smooth algebraic variety 
of dimension n, Z C Gr be the corresponding Chow variety, and let Chow(X) = / G 
H^{Gr,0{d)) be a defining section for Z. Note that Z is a singular variety. We assume 
that the embedding X C P^ is generic in the sense defined in §6. 

Let Zg be the singular locus of Z, and let Yg — {{x, z) G X x Zg-, x E z} C x Gr. Let 
uz be the restriction of coor to Zq = Z \ Zg. Then the Ricci curvature Ric{ujz) of ujz is 
a smooth (1, 1) form on Zq. Let s{ujz) be the scalar curvature of uz-, V = vol{Z), and 
define 

m(Z) = 1 /" s{u;z)u;^ (L2) 
Let [Yg] be the current corresponding to Yg (see §6 for the precise definition) and define 

deg(i;) =^{[Yg],oj^-') 



Let u) be the restriction of the Fubini-Study metric to X, and let ^^{(f)) be the Mabuchi 
energy on X (see §5 for the precise definition). For each a G GL(N + 1), let (f)^- and 
be the following functions on P-^ and Gr respectively 

0, (^) = log ^ , (^) = log ^jpj^ 
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Define a generafized Mabuchi energy ^^{(pa) by 



(0.) = -.(0.) + U[Ys].^Jy.^z^*^z-'-') - y ■ -log 

i=0 



where || • || is the norm defined in (4.1) below. Then 



|a-Chow(X)||- 
||Chow(X)||2 



Theorem 1. For a e SL{N + 1, C) we have 



V{m+1) 



\\Chow{X)\\l 



(1.3) 



An interesting new notion emerges from the proof of Theorem 1, namely the generalized 
Mabuchi energy {^a) of the singular Chow variety Z (see (6.3) for its precise definition). 
The Chow variety Z contains a singular locus Zg of codimension 1, and the generalized 
Mabuchi energy {^^) is defined accordingly as consisting of the usual Mabuchi energy 
^ujzi^o-) of the regular part Zq = Z \ Zg, together with additional current terms due to 
Zg (or more precisely, [Yg]). Theorem 1 is then the consequence of two results, which may 
be interesting in their own right (c.f. Lemmas 6.1 and 6.2). The first result is that the 
right hand side of (1.3) can be equated with the generalized Mabuchi energy i^^^i^a) of 
the singular Chow variety Z. The second result is that the Mabuchi energy i'u!{(j>a) of the 
projective variety X can be equated with the Mabuchi energy Vi^^{^f^) of the re^ti/ar part 
Zq of its Chow variety Z. 



As mentioned above, a similar formula to (1.3) with an asymptotic bounded error has been 
proved by Tian [Tl], with || ■ ||^ replaced by the Quillen metric || ■ ||q of a certain virtual 
line bundle. In the case where X C P-'^ is a smooth hypersurface, the version of (1.3) with 
II ■ IIq also becomes exact, and it is likely that the two notions || ■ ||^ and || • ||q coincide. 
This issue is more complicated for higher codimensions, not just because the error term 
in the version of (1.3) with || ■ ||q, but also because || ■ ||q is presently defined only on the 
space of Chow vectors, and not yet on the whole of H^{Gr, 0{d)). 



Besides the fact that it is completely explicit and satisfies the relation (1.3) exactly, the 
semi-norm ||/||# in (1.1) has several attractive features which may be valuable in future 
investigations of the relation between various notions of stability and the existence of 
Kahler- Einstein metrics. Indeed, the existence of Kahler- Einstein metrics is known to 
imply the boundedness from below of energy functionals (see Siu-Yau [SY] , Bando-Mabuchi 
[BM], and Ding-Tian [DT]). Theorem 1 suggests that the boundedness from below of the 
Mabuchi energy functional can eventually be related to the boundedness from below of the 
norm ||/||#, which is defined even for singular varieties. Furthermore, ||/||# is degenerate, 
so that the condition that ||a" ■ Chow(X)| |^/| |Chow(X) | |:j^ — >• oo appears to be a stronger 
notion of stability than the usual notion of Chow-Mumford stability. It may be closely 
related to the notion of CM-stability introduced earlier by Tian [Tl]. 
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Our approach is based on an exact evaluation of the derivative of log | \ a{t)-Chow{X) \ \ along 
each 1— parameter orbit of SL{N+1). This method appears to be technically simpler than 
the approach in [Tl] [T2] , which is based instead on the evaluation of dd log \ \a- Chow(X) 1 1 
on SL{N + 1). 

Our method applies equally well to other contexts, namely to the component L{h, k) of 
the Donaldson functional L(A;, h) for the existence of Hermitian-Einstein metrics on vector 
bundles, and to the component F^{(l)) of the Lagrangian F^{(j)) for Kahler- Einstein metrics. 
In the case of F^{(j)), an exact relation of the form (1.3) had been obtained by Zhang [Z], 
using the theory of Deligne pairings [D]. Asymptotic relations modulo 0(1) terms had 
been obtained by Paul [P] and Wang [W] respectively for -F°((/>) and for L{h,k). We 
shall use our approach to give a unified and simpler proof of these earlier results. We 
present these results in (§2-§4) before proceeding to the more complicated calculation of 
the Mabuchi energy, and take the opportunity to mildly strengthen earlier results of Zhang 
[Z], Luo [Luo], and Wang [W] whenever it is readily possible to do so by our methods. In 
particular, we eliminate the 0(1) error terms in [W] by showing that L{h, k), restricted to 
G = SL{N, C), equals exactly the log of the Gieseker point in a suitable norm. Wang [W] 
had shown that a vector bundle can be uniquely balanced if and only if its Gieseker point 
is stable. Similarly, we show that a manifold can be uniquely balanced if and only if its 
Chow point is stable. 

§2. The Donaldson energy functional and balanced bundles 

Let (X, iv) be a Kahler manifold and n : E ^ X a vector bundle of rank r. The Donaldson 
functional L(/i, k) is defined as follows. Let h, k be two hermitian metrics on E. Since the 
space of hermitian metrics is convex, we can connect k to hhe a smooth path of hermitian 
metrics ht, < t < 1, ho = h, hi = k. Let Rt be the curvature of ht- Then the Donaldson 
functional ^^{h^k) is defined by 

L{h,k)^ / dt / itr{h^^dthfRt) /^ / log(det(A;-i/i))^^ 

Jo Jx {n - 1)! V Jx nl 

where the constant c is given by c = /-^ ci{E) A u}'^~^. In this section, V = vol{X) = 
a;" denotes the volume of X with respect to the Kahler form cj. 

Assume E* is generated by sections si,...,sn G H^{X,E*). If e ^ E then s{e) = 
(si(e), S7v(e)) G C-^ so s x tt : £" "-^ C-^ x X. Let h be the metric on E defined 
by h{e) ~ ^ |si(e)p = |s(e)p, where | ■ | is the usual norm on C"'^. 

Fix {ri, Tfc}, a basis for H^{X, det{E*)). Let T be the matrix T = (af^...^^ e M, defined 
by the equation 
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where M is the space of matrices (^fj...^^) with 1 < zi < • • ■ v < and 1 < < k. The 
Gieseker point of s = (si, ...^sn) is the point [T] = (a^^...^^) e P(M). Then [T] uniquely 
determines the image of £^ in x X. 

For a E G we shall write s"' = (si, SAr)cr, and /i'^(e) = |s'^(e)|. We define 

which is the second term in the definition of the Donaldson functional L(/c, /i). In local 
coordinates, if ei, e^. is a basis of smooth sections oi E C x U, then for each m such 
that 1 < m < r, and for each x & U, em{x) = eim{x) is a column vector in C^. Hence 
A(x) = {eim{x)) is an N X r matrix, and h is the r x r matrix h = ^AA. Thus det{h) = 
T,i,<...<i, \det{Ai^-i^)\'^- Since Si{x) ^J2eim{x)e*^ we get det{h) = Eii<...<v N^i-vP- 

Thus 

r( ^ ^ [ . / det(A(x)VVA(x)) \ ^ ^ ^ f . /^ E 
^""^ ^7x''H det(A(a:)*A(a:)) j n! V °^ 1^ EI<....V(^)P J ri! 

(2.1) 

where ^* is the conjugate transpose of A, is the natural action of G on M, and 

the summation is over all fx with 1 < fJ, < k and all 1 < zi < • • • < z^. < -/V. We note that 
the integral in (2.1) is finite. This suggests defining the following norm on the vector space 
M: Set for each a = (af^...^J G M 

It is easy to see that 1 1 ■ 1 1 is a continuous norm, and hence bounded on any compact subset 
of M. In terms of || • ||, the formula (2.1) can be restated as 

Theorem 2. Let E C C-^ x X he a vector bundle of rank r, let T he the Gieseker point 
of E, and let h he the metric on E defined hy h{e) = |e|c^- For a & G = SL{N, C), let 
her he the metric on E defined hy ha{e) = \a{e)\c;N . Then 



L{h, ha) = c log 





aT 


2 




\\T\\ 


2 



Rem,ark. This is slightly more precise than a result of Wang [W] , who shows that for any 
norm || • || on M, one has L(/t, h^-) > c log (||a"T|p) + C for some constant C. 

According to the theorem of Kempf-Ness [KN], E is Gieseker stable if and only if ||crT|p 
is a proper map from G to R (the inverse image of a compact set is compact). This is 
equivalent to requiring that log||crT|p is bounded below by a positive constant and that 
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lirricr^oo log llcT'lP = oo (ie, for every B > there exists a compact subset K C G such 
that L{a) > B ii a ^ K). Combining this with Theorem 2 we have the following corollary: 

Corollary 2.1 Let E C C"^ x X be a vector bundle of rank r. Then E is Gieseker stable 
if and only if the following conditions hold: 

1. L{a) > e > for some e. 

2. limo-^oo I'(cr) = oo . 

Definition 2.1 We say E C x X is balanced if 

^J^A{x)A{xy dV = ^-Inxn 

where A(x) = (ai, ■ ■ ■ a^) is an orthonormal basis of Ej^ C C-^. We say E can be (uniquely) 
balanced if and only if there exists a (unique) ctq G SU{N)\G such that ao{E) is balanced. 

Example. Let X = Gr{r,N), the Grassmannian variety of all r planes in C^. Let E be 
the canonical vector bundle on X of rank r. Then one easily sees that X is balanced. 

Theorem 3. (Wang) Let E C x X be a vector bundle. Then the bundle E can be 
uniquely balanced if and only if its Gieseker point is stable. 

Theorem 3 as well as Lemmas 2.1 and 2.2 below are due to Wang [W], under a slightly 
different formulation. He uses arguments from the theory of moment maps. Here we shall 
provide a direct calculation, along the lines followed later for the proof of Theorem 1. 

Lemma 2.1 L has a critical point at ao & G if and only if ao{E) is balanced. 
Proof. Write a{t) = exp{tc)ao where ctq G G is fixed, and c is traceless. Then 

-^logdet(ylWyl) = tr((ylWyl)-^(ylV*(c* +c)(7yl) (2.2) 

Now (To is a critical point if and only if jj:L{exp{ct)ao) = for all traceless c. Replacing A 
by Aao we may assume that ctq = /. We may also choose our local sections ei, e^. to be 
orthonormal. Then A* A = I and (2.2) implies that ctq is critical if and only if 

/ tr{A*uA) dV = 
Jx 

for all traceless hermitian u. This condition is equivalent to E being balanced. Q.E.D. 

Next we show L{a) is convex in the following sense: View L{a) as a function on the 
symmetric space SU {N)\G. Then SU {N)\G is a Riemannian manifold whose geodesies 
are of the form exp{tc)ao where c is a traceless matrix with the property c* = c. 
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Lemma 2.2 Let ao E G and let c be an arbitrary traceless self-adjoint matrix. Then 

■^L{exp{tc)ao) > (2.3) 



Proof. Differentiating (2.2) again gives 

^logdet(AWA) = tr(^{A*a*aA)-\A*a*[c*{c* + c) + {c* + c)c]aA)'^ 



- tr(^{A*a*aA)-\A*a*{c* +c)aA){A*a*aA)-\A*a*{c* +c)aA)^ 

We may assume that (Tq = I and A*A = I. Let u = c + c* = 2c. Thus u = u* and u is 
traceless. The preceding equation becomes 



dt^ 



logdet(ylWyl) = tr[A*[u^]A^ - tr({A*{u)A){A*{u)A)^ = 

tr{A*u{l - AA*)uA) = tr{{l - AA'')uAA*u*) 

This last trace is non-negative since uAA*u* > and 1 — AA* > 0. To see this last 
inequality, let A be an eigenvalue of AA* . Then AA*v = Xv for some non-zero vector v. 
Applying A* to both sides, and using the fact that A* A — /, we get A*v = XA*v. Thus 
A = 1 or A = 0. Hence all the eigenvalues of 1 - A A* are > and 1 - A A* > 0. 



Proof of Theorem 3. Assume first that L has a critical point ctq. If cr G G is any other 
point, then we can join ctq to ct by a geodesic. Lemma 2.2 implies that L, restricted to the 
geodesic, has a minimum at (Tq. Thus L{a) > L(cro), so L is bounded below. Theorem 2 
implies that ||a"T|| is bounded below, and thus by definition the Gieseker point is semi- 
stable. If the critical point ctq is unique, then L{a) achieves its minimum at ctq and the 
same argument shows that L, restricted to any geodesic through ctq, goes to infinity. Thus 
the Gieseker point is stable (by virtue of the one parameter subgroup criterion) 

As for the converse, assume that E is stable. Then the Kempf-Ness theorem says that 
log 1 1 (jT 1 1 is proper on H and bounded below. Thus it has a critical point. The critical 
point is unique, for otherwise, log||(jT|| would be constant on the geodesic joining two 
critical points and thus it could not be proper. 



§3. The F° functional and balanced manifolds 

Consider now a smooth projective variety X C of degree d and dimension n. Let Z be 
the set of {N — n — l)-dimensional planes in which intersect X . Then Z is contained 
in Gr = Gr{N — n — 1,P^) and has codimension 1. Thus there exists a holomorphic 
section / e H^{Gr,0{d)), unique up to scalar multiplication, which vanishes precisely on 
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Z. The section / defines then a point in Pif°(Gr, 0(ci)), which is called the Chow point 
of X ^ P^, and usually denoted by Chow(X). 

We shall apply the same method as in the previous section to prove the following: 

Theorem 4. Let X C CP^ be a smooth projective variety. Then the Chow point of X is 
stable if and only if there is a unique uq in SU (N + 1)\SL{N + 1, C) such that (7o{X) is 
balanced, i.e., 



Remark. This theorem is a mild strengthening of a result of Zhang [Z] , who shows that bal- 
anced implies semi-stable and stable implies uniquely balanced. It also mildly strenghthens 
a similar theorem of Luo [Luo] . 

To prove Theorem 4, we make use of the component F^{(f)) of a Lagrangian F^{(j)) for 
Kahler-Einstein metrics 

Here a; is a Kahler metric on X, (/> is a smooth function in the Kahler cone of X, a;^ = 
u + ^^^^5^0, V = vol{X) = Jx^^i ^iid is defined by Ric(uj) — uj = ^^^^ddh^, 
J-^ e^'^uj'^ = Jx<^"'- The component F^{(f)) is defined by 

where the functional J is given by 

i=0 

The variational derivative of the functional Jcu{(p) is well-known (c.f. [T3]). For a smoothly 
varying family of potentials (t>{t), t G (— e, e), we have 

-jt^^im = kt)^; (3.2) 

Henceforth we fix a; = ojps = -^^^^^log \x\'^ to be the Fubini-Study Kahler form on X. 
For cr e G let 

/|cra;|^\ , f^x*aax\ , f x*a*ax\ 
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Then 

a*ui = a; + ^^^^^ddcj)^ = = u^. 

Let c be a traceless hermitian matrix, a{t) = exp{ct)ao, and F(ao,c, t) = F^{(/)^(^-t^). We 
say that ctq is a critical point of F° if and only if F' (ao, c,t)\t=o — for all traceless 
hermitian c. Note that 

d ■ x*a*{c*+c)ax 

-T+^a{t) = (pa = — (3.3) 

at x*a*ax 

Lemma 3.1 

1. A matrix ctq is a critical point of if and only if the manifold (7q{X) is balanced. 

2. For all ctq, c and t we have the formula 

-F' ao,c,t = -/ : , ^ 3.4 

V Jx x*a*ax ^ 

3. For all ctq, c and t we have —F"{ao, c,t) > . In fact we have 

-VF"{ao,c,t) = l^,5(a;-+i) (3.5) 

where c is the vector field on generated by the infinitesimal action of exp{ct). 

Remark. The only non-trivial part of the lemma is part 3. Zhang [Z] also proves that 
— F"(a"o,c, t) > 0, by making use of a result of Deligne [D]. Another proof was given by 
Tian [T4] . We give a more elementary proof by a direct calculation. 

Proof of Lemma 3.1 Part two follows immediately from (3.2) and (3.3a), and part one 
follows from part two. To prove part 3, we differentiate both sides of (3.4): 

_yp" ^ I ^ (xW.r)(.rV* [(■*((■* + (■) + (c* + c)(]ax) - (.rV*(c* + 

{x*a*ax)'^ ^ 




We may assume that c is a traceless diagonal matrix with real entries. As before, we write 
u = 2c, and we let uq, ...^un be the diagonal entries of U. Since we can view as the 
set of elements in P^+i whose first entry is zero, we may also assume (after replacing N 
by iV + 1) that uq = 0. 

Wc may assume that cr = / so that lv — ujfs- Recall that on the coordinate chart 
Uq — {(1, zi, zn) Q CP^}, the Fubini-Study metric is given by: 

dzi A dzi Zidzi A Zjdzj 

" T+W' (i + |^|2)2 



Thus if ^ = X^^i o-idzi is a tangent vector at the point x = (1, 2:1, z^), then 

u{x){A,A) = ^-^-p (3.6) 

At cr = / and cj = ojfSi the first term in the integrand on the right side of (3.5) is then 
immediately seen to coincide with lij{x){Aq, Aq), where Aq is defined to be the vector 
Aq = (uizi, • • • , unZn)- Similarly, an explicit calculation gives 

d{^){A) = ( x'^x {A\Ao) - {A\z){z\Ao) 1 = u;{x){A, Ao) 



x*x {x*x) 

Let Ai, ■ ■ ■ , An be now n arbitrary tangent vectors at the point x. Then, by the definition 
of the wedge product, 

A d{^) A OJ-') (Ai, . ■ ■ , An) 
n 

= J2 {-^Y'^'^'^iAj, Ao)uj{Ao, Ak)uj''-^{{Ap}p^j, {An}q^k) 

j,k=l 

But wedge powers of a (1, l)-form are given by 

uj^{Ai,---,Ak,Ai,---,Ak) = K\ deta;(^j,lfc) 
Substituting this in the full integrand on the right hand side of (3.5), we obtain 

77.! I CO^Aq, ^o)deti<p^qr<n IjJ {Ap,A,)+ V {-iy+'^+'uj{Aj,AoMAo,Ak)det p^j u;{Ap,Aq) I 

^ j,k=l ^ 

The expression between parentheses can be recognized as the expansion along the first 
row (or the first column) of the determinant of the (n + 1) x (n + 1) matrix a;(Ap, Ag), 
< Q < n. Since Aq is readily recognized as the vector field c. Part 3 of Lemma 3.1 
follows. Q.E.D. 

Proof of Theorem 4- Once Theorem 5 is available. Theorem 4 can be proved in exactly the 
same manner as Theorem 3. Q.E.D. 

§4. The functional and the Chow point 

Fix positive integers n < N and let Gr{N — n — 1, P-^) be the space of A^ — ?7, — 1 projective 
planes in P^. Then Gr{N - n - 1, P^) = Gr{N - n, C^+^), the set of iV - n vector 
subspaces of C^"''-'^. Note that G = SL{N + 1, C) acts on Gr in a natural way. Recall 
the notation introduced in §1, namely Pi : Gr{N -n - 1,P^) P(A^-"C^+^) is the 
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Pliicker embedding, 0(1) = Pi*H, where H is the hyperplane bundle on P(A^ "C"'^"'"^), 
and (jjGr = Pl*^FS where Qps is the Fubini-Study metric on P(A^-^C^+^). 

Now let d be a positive integer and define a norm on the vector space H^{Gr,0{d)) as 
follows: If / e H°{Gr,0{d)) then 

2 



where D — J^^ ^or ^^'^ m + 1 — {N — n)(n + 1) is the dimension of Gr. 

Theorem 5. Let X C P-'^ be a smooth projective variety of dimension n. Let co be the 
Fubini-Study metric on X and let f = Chow(X) be the Chow point of X. Then 



This theorem is equivalent to one proved by Zhang in [Z], using Deligne pairings. Paul [P] 
shows, using a different method, that the difference of the left and right sides of (4.1) is a 
bounded continuous function on G. He also shows how such estimates can be applied to 
give a new proof of Mumford's theorem on the stability of curves. We shall give a different 
proof of their theorem, in the spirit of the proof of Theorem 1. 

Proof. Let T — {{x, z) G P^ x Gr : x G z} and let Tij be the projection map of F onto the 
two factors. We make use of the following formula: 

7ru7r2*a;^+^ = (4-2) 

Since both sides are invariant under the U{N + 1) action, they are equal up to a constant. 
The constant is the ratio of Jq^i^gt^^ /p"+i '^"■^^j which is equal to D by definition. 

Now let a{t) be a path in G, and set f^iz) = f{a~^{z)). We compute 



d^^^SlI^ II -DJtJar ^ \Pl{zW^ "^^^ " DJtJar ^^lPKazW^ ^^^^ 



— ^ d f 1/(^)1 / *, , \m+l d d f \m+l 

- DdtJa^^\Pl{zjr^ "^^^ - DdtJar^^ 
= A - B 

(4.3) 

where = log \Pl{a{z)\'^ /\Pl{z)\'^ . Since a*0JGr = <^Gr + ^'^^dd^a, we obtain, using the 
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Poincare-Lelong formula 



= W $,(m + l)(<7*a;Grr - / + l)(a*a;G.ra;Gr 

We integrate by parts in the second term in B. Combining the result with the other term 
in B and the second term in A, we can rewrite the above equation as 

|log||r||^ = ^ J^K{m + l)ia*u;Grr - ^^^^ (4.4) 

After making a change a variables z i— > a~^z, we may assume that the a in the second 
integral is the identity. We conclude that the second integral is zero since the hyperplane 
bundle over the Grassmannian variety is balanced. More simply, we may write ^cr{d) = 
tr{Z*dZ) with Z* Z = 1 and d = c + c*, tr{d) = 0. Then the integral 



M(c/)= / tr{Z*dZ)uj'^+^ 

JGr 



satisfies M{u*du) = M{d), M{di + ^2) = M (di) + M{d2). The first property allows us to 
assume that d is diagonal. The second implies that M{d) is the same if we average it over 
the permutations of the eigenvalues of d. Thus we must have 

M{d) = 0. 



It remains to show that the integral over Z in (4.4) can be reexpressed as an integral over 
X. For this, we apply a{t) — exp{ct)ao to both sides of (4.2), differentiate with respect to 
t and evaluate at t = 0: 

7r,,7r*^{{m + l)a*io:SrddKo,c) = D{n + l){a*io^)dd^,„c (4.5) 

where ^ao,c {resp. (f)ao,c) is the derivative of ^*cr(t) (resp. (I)a{t)) at t = 0. This shows that 

7ru7r;($^o,c(m + l)((7*a;^J) = D(n + l)(^^o,c((7*a;'^) + v{<^o,h) (4.6) 

for some closed smooth form ri{ao, h) where h = c + c* is traceless hermitian. 

We claim that r]{aQ,h) is exact. Note the following properties: rj{aQ,u*hu) = r]{uao,h) 
for all unitary matrices u. Also, r]{ao,h) — aQ{r]{I,h)) where / is the identity matrix, 
and ?7(cro, h) is a linear function of h. This shows that we may assume that ao = I and h 
is diagonal with real eigenvalues whose sum is zero. In fact, using the linearity property 
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we may assume that h is the matrix whose diagonal entries are (1, — 1, 0, 0). Now let 
t : p"^ ^ be the map (xq, Xn) ^ (xq, 0, 0, 0) and let X' denote the image 

of L. To show that r]{I, h) is exact, it suffices to show that its integral over X' is zero. 

To see this, first observe that 4'i,h<^^ = tr{hM) where M = f^, xx*uj"- and x is 
the vector of homogeneous coordinates, normalized to have length one (this follows form 
(1.2)). Let Un Q U{N + 1) be the group of unitary matrices which map X' into itself. 
Then M commutes with Un which means that it's a diagonal matrix whose first n + 1 
entries are all equal. But this means that trQiM) = and thus J-^, 4>i,h<^^ = 0. Similarly, 
Jzi ^i,h^Gr = where Z' C Gr is the zero locus of the Chow point of X' . This implies 
that 77(7, /i) = - = 0, which proves our claim. 

Plugging this into (4.4) we obtain: 

|log||rf = I (n+l)0.(a*a;-) 

Comparing this with the derivative of given in (3.2), we obtain Theorem 5. Q.E.D. 

Remark. A similar argument shows that for every k such that < /c < n, there is a 
constant -D^ > such that 

„ „*, ,m—k J-) , ,n— fe 

7ri*7r;($.,„c(m + l-/c)(cT^a;^-'=)) = Dk{n + 1 - k)4>^^,aKu;''-'') + Vk{<yo,h) (4.7) 
where rjkicro, h) is a smooth exact {n — k,n — k) form. 

§5. The Mabuchi energy: Hypersurface Case 

We turn now to the setting of main interest in the present paper, namely that of Theorem 
1. In this section, we discuss first the case of hypersurfaces. In this case, our construction 
of II • ||# shares many features with Tian's construction of || • ||q in [Tl]. However, the 
explicit formulas in our approach will facilitate the generalization to higher codimension. 
We present our proof of the hypersurface case in such a way as to apply verbatim to the 
higher codimension case as much as possible, so that the difficulties inherent to this latter 
case will be more transparent in the next section. 

We first recall the definition of the Mabuchi energy [M]. Let X be a Kiihler manifold, 
with Kahler form u. Then the Mabuchi energy i'uj{4>) is defined for all Kahler forms 
uj(j) = uj + ^^^^990 by choosing a path a;^ = a; + ^^^dd(l)t, < t < 1, ujq — lvi — u), and 
setting 

J^a;(0)=-/ / <})t{s{u;t) - fJ,) u;"^ A dt = -[ I ^t{ny^Ric{ojt)-fi^t)oJt~^ Adt 
Jo Jx Jo Jx ^ 

where ojt = R{ht) = —^^'^^ddloght is the curvature of ujt, the function s{u}t) is the scalar 
curvature of cot, and fi = n{n + 2 — d) is the average scalar curvature. The Ricci curvature 
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is defined by Ric{uj) = —^^^^dd\og{(jj'^). Thus if we view cu" as a metric on the canonical 
bundle K = A^TJ, and then the Ricci curvature is just the curvature of this metric. 

There is another more direct way of defining the Mabuchi energy, pointed out by Tian 
[Tl] and Chen [CI], which does not require an integral along paths: 

where a;,^ = a; + ^^^^ddcf), vol(X) = J-^oj'^ is the volume of X, Jc^(0) is the functional 
introduced before, and Iuj{4>) = yollx) fx ^^(^" ~'^^) other functional introduced by 

Yau [Yl] and Aubin. In [Z], Zhang used the Deligne pairing < Cq, Ci, ■ ■ ■ , >{x/s) with 
£i = 0(1) for all < z < n to obtain the functional F^. Here n : X S is a, flat projective 
morphism of integral schemes of relative dimension n, so that each fiber Xg, s G S is a, 
projective variety of dimension n, and Ci are line bundles over X. If we choose instead 
Ci = 0(1) for < z < n, = /C, then we obtain another expression for the Mabuchi 
functional which does not require a path integration 

= -//FfO((/>) 

Here the functional E{(f)) is defined by 

< 0(1) C»(0), • • • , 0(1) C»(0), /C C»(log ^) >x/s=< 0(1), • • • , 0(1), /C >x/s ®0{E) 
For our purposes, it is most convenient to observe that F° can be rewritten as 

and to recast the Mabuchi energy ^^^{(j)) in the following form 

(6.2) 

where ij,{Z), the average of the scalar curvature of u>x, is given by the following formula: 

fx{X) = m{m + 2-d) (5.3) 

Here we use vol{X) to distinguish the volume of X from the volume V = vol{Z) of the 
Chow variety Z, which also enters our formulas. 

Consider now the case of a smooth hypersurface X C P""''-^. In this case, X coincides with 
its Chow variety Z, n = m, the Grassmannian Gr reduces to P'^+i = P"+^, vol{X) = 
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vol{Z) = V, and the functions and 0o- coincide. Theorem 1 simphfies considerably, 
and we restate it as follows 



Theorem 6. Let Z C p"^+i he a smooth hypersurface of degree d and let f be the section 
of H^{P"^~^^,0{d)) which defines Z. Let uips be the Fuhini-Study metric on P™-+i^ and 
let uj he the restriction of ujps to Z. For a e SL{m + 2, C) we have 

. D{m + 2){d-l) , \\(yf\\l . 



Proof. We evaluate first the contributions of the logarithmic terms from 1 1/| |# on the right 
side of (5.4) 



J- / , I (TZM I ^ J- / , I 



2 



V ■ A \ a.^-^r j 'og ^—j^ I (5.5) 

Writing oj'^ = (a;"^ — a* oj'^) + a* uj'^ in the second integral, the right side of (5.5) becomes: 
/ log . I a*uj^ 



- y,'°« [ .,^.1" J (- g - ^ - ^ 

To evaluate the integrands in the last equation, we choose (m + 1) linearly independent 
holomorphic vector fields Xi, ...X^, Y in an open neighborhood of a point ^ G X C p"^+i 
in such a way that Xi, Xm are tangent to Z. Using the definition of the wedge product, 
we evaluate 

Va;-Aaa(^^^^^^ (Xi,X2,...,X^,y) = 

^ a* (cc;) ® ■ ■ ■ a* (c^) ® 88 (i^St) (^1 ® ^1 ® ^2 ® ^2 ■ • • ® X^, F ® F)'' 

where tt ranges over all the permutations tt of the sequence (Xi, Xi, X^, X^, y, y). 
Since / vanishes on Z, the only terms in the sum which are non-zero are those corresponding 
to permutations which permute the Xi and the Xi, but fix Y and Y . Furthermore, note 

that when we apply 88 to ^ '^\}^\2d j , the product rule will yield several terms. But when 

we restrict to X, the only term which doesn't vanish is the one where the 88 lands on 
|/(^)P (again, since / vanishes on Z). Thus 



\az\ 



\az 



^ \ym^ (5.6) 



2d 
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and we may write 



B= / log 



z 



V 



Cancelling the common factor in A, and using the simple fact that log "^J^+i 

— (m + 2)$o., we obtain 

To evaluate B, we integrate by parts. Since Z is smooth, we have 

^ = X-^^^-«( <«-^) 

Now we clearly have 

"^-dxdxlogl^^^^]^d-u; (5.8) 



since y is a transversal holomorphic vector field and Y{f) is a no n- vanishing holomor- 
phic function on Z. Also — ^^^551oga;™'+^ = (m + 2)a; and — ^^^5x^x log (cr*a;™') = 
Ric{a*u;'^) by definition. Thus 



This calculation of the B term is very similar to a curvature calculation in Tian [Tl] (see 
also Lu [Lu2]). Finally, the remaining contributions from log ^^|'[chow(x)||^^* only involve 
terms of the form ^ ^|'[cho^x) i ; which are known from Theorem 5 

D j^g||cx-Chow(X)||2_^o. ^ " 



F(m + 1)'"° ||Chow(X)||2 
Assembling all terms gives Theorem 6. Q.E.D. 
§6. The Mabuchi energy: General Case 



1 ^ ^ 
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In this section we establish Theorem 1 for arbitrary codimension. Our notation is the one 
introduced in §1. 

Let X C be a smooth variety of dimension n and let Z C Grhe the corresponding Chow 
variety, and / G H^{Gr,0{d)) be a defining section for Z. Then Z is a singular variety. 
We say that the embedding X C is generic if it satisfies the following conditions: 

1. If C Z is the singular set of Z, then Zg has codimension one. 

2. There exists a subvariety Zgg C Zg of codimension at least one (and hence Zgg C Gr has 
codimension at least two) such that Zg\Zss is a divisor with normal crossings. In other 
words, for all z e Zg\Zgg, there exist local coordinates (zq, Zm), centered at z, such that 

/(Zo, ■■■,Zm) = ZqZi. 

3. Let Zq = Z\Zg be the set of smooth points of Z. Then the scalar curvature s{(jj) is 
L^{Zq) with respect to the volume form a;"'. 



The proof consists of two parts. In the first part, the proof is identical to that for hyper- 
surfaces in the preceding section, if we view the arguments given there as applying to the 
Chow variety Z, which is a codimension 1 subvariety of the Grassmannian. The result of 

this first part is to express log ^ ["[(jhow^x)!]^^ ^ generalized Mabuchi energy 
associated to the singular variety Z (see Lemma 6.1 below). The second part of the proof 
consists in identifying the regular part of the generalized Mabuchi functional v"^^ {^a) with 
the Mabuchi energy v^^ (0o-) associated to the projective variety X itself (see Lemma 6.2). 

Let a; = o;^ be the restriction of ujcr to Zq, the set of smooth points of Z. Then Ric{uJz), 
the Ricci curvature of a;^, is a smooth (1,1) form on Zq. Let V = V{Z) be the volume of 
Z, and let Vx = {{x, z) : z E Gr, x E X n z}. Let pi : Tx ^ X and p2 '■ Tx Z he the 
projection maps, and let Yg = p^^iZg) C Tx and Ygg = p2^{Zgg). 

Since |s(a;^)| is in L^{Zo), we can set IJ,{Z) = y J^^ s{(jiJz)oj'z and define the Mabuchi 
functional associated with the regular variety Zq as before by 



log 



Zo 



00 



m— 1 



^^(^Ric{ujz) ^y*^z~^' 



i=0 



(6.1) 



m + 



YZ^^z(^ ^z ) 



i=0 



Associated to the variety Yg is a closed current [Yg], supported on Yg, which is defined by 
the following equation of currents on Tx' 



2tt 



-dd log 



00 



Add 



i/(^)r 

\pe{zW 



00 



m+l 



Riciooz) - (m + 2 - d)ooz - ^g. 



(6.2) 



17 



The generalized Mabuchi energy i^a) associated to the singular variety Z can now be 
defined by 



<i^^)=-^A^^) + ^{[ys],^^j:-h<^*-^^^^^ (6.3) 

where 1 1 • 1 1 is the norm introduced in (4.1) and deg(ys) = ^ {[Ys],uf-^). 
Lemma 6.1 Under the above hypotheses, we have 

u* (t,) = + ^' log (6 4) 

""-^^'^ V[m + 1) I I/I II ^''■*> 



Proof. Since the map p2 '■ Z is birational, we can puU back integrals over Z to 

integrals over Vz and express the right side of (6.4) as A' — S' + T where 



V Jr. 



log I I 
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*, ,m 



B' =-. log^ ^^^TOF 



(6.5) 

and 

where we write uj for a;^. 

Replacing o;"^ by (a;"" - (j*^;"^) + (T*a;"^ in (6.5), we obtain A' - B' ^ A - B where 



CT a; 



(6.6) 



B =i7 log (- v^^^^a) y A 



The same argument as that used in §5 again gives 

^ = I (log f^") - (m + 2 - d)$. [> • a*a;- (6.7) 



X 
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In order to evaluate B, we integrate (6.6) by parts: 

^ » m—l 

B = - $^-(i?zc(a;) - (m + 2-d)uj - [F,]) ■ V A C7*a;^-^-* (6.8) 

Assembling (6.6), (6.7) and (6.8) and making use of 

m(m + 2-d) ^ ^ I m{Ric{u;) - [Ys])u}'^~^ = //(Z) - m deg(Fs) 

we obtain (6.4). 
Remarks on \Yg\ 

1. The fact that [Yg] is supported on Ys follows from (5.8). 

2. It's not difficult to see that [Yg] is given by integration over the smooth points of the 
variety Y^. 

3. The current \Ys] is also defined by the equation of currents: 5^ log |VFp = [Yg], where 
VF is the gradient of the holomorphic function which locally defines Z. To see this, we 
let ^ be the function 



Then ^ is a smooth function on Gr. Let yo G Fx, and choose a coordinate system of 
(wo, ■■■jWm) of a neighborhood of P2{yo) G Gr. Then 

m ^ 2 m 



i=0 



i=0 



in some coordinate neighborhood of yo G Fx , where F is an analytic function whose divisor 
is Z and the fi{y) are analytic functions whose set of common zeros is precisely Yg. 



Lemma 6.2 Assume that X C P-^ is generic. Then 

l^ujzi^a) = I'u^FsiM (6.9) 



Proof. As in the proof of Theorem 5, we differentiate both sides of (6.9) with respect to 
t and show that the two sides are equal. Thus let c be an arbitrary (A^ + 1) x (A^ + 1) 
traceless matrix, and let a{t) = exp{ct)ao for some fixed ctq G G. 

Recall that t'^^($cr) is given by (6.1). Let — log ( \ , and note that 
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so 



Writing a;^ = a*uj, we obtain 



,m— 1 



J Fx J Fx ''Fx 

(6.10) 



On the other hand, 



m— 1 



/ V 6,(m - z) ((a;,)^-V-i - {uj,)'^-'-^uj')Ric{uj) = 

„ m „ m— 1 

/ J];(m-z + l)6^(a;^)^-V-^i?zc(a;)- / ^^^(m-z + l)(a;^)"^-V-^i?zc(a;) = 

m$^a;^-^i?ic(a;) (6.11) 



Finally 

d n{Z) 



dtm + 

Combining (6.10), (6.11), and (6.12) we obtain 



\- [ f^^'u;:^'' = [ ^MZ)ujT (6.12) 



-zy,,($,) = --. ^,{mRic{u,)-ii{Z)u,)u^-^ (6.13) 

This is the derivative of the Mabuchi energy on Z. In order to establish Lemma 6.2 we 
must show it is also the derivative of the Mabuchi energy on X: Replacing X and Z by 
cro{X) and ao{Z), we see that we may assume that ao is the identity matrix. We shall do 
that from now on, and we shall write $ao(c) = $(c) and (pao{c) — (p{c). 



Thus, we let 



Mz = ^Ric{0jBr) -^^Gr 
ZTT m 
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and 



We claim that: 



27r ^ ^ n 



Theorem 1 then will follow from (6.13) and (6.14). 

Let Fx — {{x, z) eT : X & X}. Let pi = TTi\x- Then pi : Fx —>■ X and p2 '■ Fx and 
we have the following double fibration 

Fx 

/ (6.15) 
X Z 

and that currents on X and Z can then be compared by pull-backs and push-forths through 
this fibration. Note that p2 is a birational map. This means that there is a Zariski open 
subset Zq C Z such that p2 : P2^{Zq) — > Zq is bijective. Thus 

I Mz m ma;--i = [ p^Mz-pl U{c) muj'S^^) = 
pIMx ■ p*2 mu;^;') + ^ (p*Mz - p^M^) ■ ($(c) ma;^-^) 



But according to (4.6), 



PuP*2{m^{c)a*u;'^^ ^) = n<j){c) 



and so we get 



,n-l 



^ ptMx-p;($(c)ma;^-^) = J^Mx 4>{c) nu 
Thus (6.14) will follow from: 

M{X,Z)-p* ($(c) ma;^-i) = J^pi, [m{X,Z)-pI ($(c) muo^-'J 



where 



(6.16) 



M(X,Z) = (pIMz-pIMx) 



Now M{X, Z) can be made explicit as follows: Define a function Ax '■ Fx 
formula 

„*, ,m A --*, ,m—n * n 



C by the 
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Then M(X,Z) = ^^^^^R(hx) where hx is the curvature of the metric on the relative 
canonical bundle Cx = -f^rx ®Pi(-^x)~^ given by the formula 

hx = Ax- plu^'Sr 



We provide now a proof of the key equation (6.16). The main idea is that, by making use 
of a first jet extension (see the map ix{,x) = {x^Q defined below), the double fibration 
(6.15) can be imbedded in another double fibration, which is independent of X and is more 
symmetric. More precisely, we shall define manifolds E and F', a fibration Pi : E — > F', a 
metric h on the relative canonical bundle C = K^, <8) P*{Kyi)~^ and embeddings i : Vx ^ 
E, Lx : X V which will have the following properties: The projection pi : Fx X is 
the restriction of Pi, metric hx is the restriction of the h to Cx, 

Fx ^ E 

i i (6.17) 

X ^ r 

The reason for doing this is that E and F' will have a lot of symmetries, which will help 
us compute the fiber integral of M. 

Here are the definitions: 

Gr = Gr{N -n- 1,1*^) 
Gr' = Gr(n, P^) 

E = {{x, C,z):xeP^,Ce Gr', z e Gr , x E C z} 

F = {(x, z) : X e P-^, z e Gr, x E z} 

r' = {(x,C):xeP^,CeG'r',xeC} 

P'{x,C,z)^{x,0 
Pix,C^z) = {x,z) 

Tx = {{x, z) : x G X, z G Gr, x E z} 

i^x{x) = {x, C) where ( is the unique hyperplane of dimension n tangent to X at x. 

Note that G = SL{N + 1) and U = U{N + 1) act on E, F, F', Gr, Gr', that U leaves the 
metrics u,UGn<-^Gr invariant, and that the original double fibration (6.15) has now been 
extended to the following double fibration 

Ex 

\ (6.18) 
F' F 



Define a function : E ^ C as follows: 



A{x,C,z) = 



a;-(Xi,...,X„)a;^-"(Fi,...,F^_,) 
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where a = (x,(,z), Yi, ...,Ym-n is a basis for Ta(Fa), and Xi, ...,Xn are tangent vectors 
in Ta(E) whose projections to P-^ form a basis of Tj;{0. This function is clearly invariant 
under the action of U. 

Define a metric h on jC by the formula: 

h = A-P*^^r" 
where P2 : T, ^ Gr is the projection map. Let 



Then (6.16) is equivalent to 



i*xPi. [m ■ PI (^(c) mo;^-^) 



= 



(6.19) 



In fact, we shall prove that 



M -P^ 



= 



(6.20) 



Let T(r') be the tangent bundle of V and let S C T(r') be the subundle defined by 

S = Ker{T{r') T{Gr')) 

Thus 5" is a vector bundle on V of rank n and for (x, Q € T', the fiber Sf^xX) is the tangent 
space of C, at the point x. Relation (6.20) then follows from the following: 



M-P*($(c) mo;^-!)" 



(6.21) 



M.P|(^(c)ma;^-i)" 



Thus we must show, for every {x^Q e F', the (n, n) form Pi^ 

evaluated at a generator of A"Ta;(C) (8) A"T^(C), is zero (here T is the holomorphic tangent 
space and T' the anti-holomorphic tangent space). 

Thus we fix {x, C) e r'. Recall that x e P^, that is, X C C''^"''^. Also, we have e C where 
C is a plane in P-'^ of dimension n, that is C ^ C^^"'"''^ is a vector space of dimension n + 1. 
The tangent space of ( at the point x is canonically isomorphic to a;-'" n C = C C C^^"*"^. 
Let (^1, be an orthonormal basis of (' . Let 



M-Po* 



P(c,a;;Ci,-,Cn) = Pi 
We want to show that P(c, x; Ci, Cn) = 0. 
Recall that 



,m — l 
Gr 



(Cl ACl,-,Cn ACn) 
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6(c) = tr{{c+c*)ZZ*) 

where, abusing notation, Z is an {N + 1) x {N — n) matrix whose columns form an 
orthonormal basis of the vector space Z C C^+^. 

Define an (AT + 1) x (TV + 1) matrix 

B{x,0 = B{x;Ci,...,Cn) = Pu [M-P2*(ZZ* rm^^-i)] |(Ci ACi,..,CnACn) (6.22) 
Then B{c, x; d, Cn) = tr[{c + c*)B{x, Q) so it suffices to show that B{x, C) = foi" 

{xX)er. 

Note that B has the foUowing properties: 

B{uixX)) = uB{xX)u\ B{xXui) = B{x,0 
for all u & U {N + 1) and aU ui e f/ (n). This implies that 

B{x,C) = k-cc 

for some constant k. We claim that k = 0. To see this, we take the trace of (6.22) and 
use the fact that tr{((*) — tr{C*C) = {n + 1) since CC* is the identity matrix, and that 
likewise, tr{ZZ*) = tr{Z*Z) = {N - n): 

k-{n + l)n*uj^s = Pu[M-P*((^-^)™'^Gr"')] |(CiACi,-,CnACn) (6.23) 

where tt : F' — > is the projection map. Applying i^c to both sides and integrating over 
X we get 



But 



k-{n + l)- [ u^s = (N-n) [ {p^Mz - pIMx)pIuj^;^ 
Jx JFx 

[ pIMz-pIoo'S;^ = [ Mz-cu^Sr' =0 
Jtx Jz 

Also, making use of (4.7) we have 

/ plMx-p*2UJ:Sr' = [ Mx-puP*2'^Gr~' = [ Mx • =0 

J Y X J X J X 

Thus k ■ {n + 1) = — so /c = 0. Thus B{x^C,) = and the proof of Lemma 6.2, and 
hence of Theorem 1 is complete. Q.E.D. 

Remark. Although we do not require it in the preceding proof, it may be useful to note 
that the key function A{x, (, z) introduced can be described by a simple explicit formula. 
Let x-^ C C^^^ be the orthogonal complement of x, and let tTx C'^"'"-^ — > x-^ be the 
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orthogonal projection. Then WxiC) Q x-^ has dimension n and Tr^iz) C x-^ has dimension 

— 71 — 1. These two spaces will generically span a subspace 7r^(^ + z) of codimension 1 
inside x^. Then A{x, z) is the length of the Pliicker vector of Tv^dC + z) with respect to 
a basis which is the union of an orthonormal basis for 7tx{z) and 7r^((^) 

A{x, C, z) = ip, '^,^^^,f^|p,f ' (6.24) 

Another way of writing this is as follows. Fix x and let H = x^ . View ^ as a function on 
Gr{n, H) x Gr{N -n-l,H). Let 

e : Gr{n, H) x Gr{N -n-l,H)^ Gr{N - 1, H) 

be the map which sends {(o, zq) to the space spanned by (o and zq. Then 

-ddlogA = d*UJN-l -OOn- UN-n-l 

where the ujk are just Fubini-Study metrics. In other words, R{h) — 9*u)n^i — u>n- 



Remark. Generalized Mabuchi energies for singular varieties emerge naturally from the 
above proof, and may be worth investigating in their own right. Related extensions for 
the Futaki invariant were studied in Ding and Tian [DT] . 



Remark. There are many ways of expressing the current [Yg] . It is intriguing that the term 
it produces can be formally viewed as an F° functional for Yg. 



Remark. The genericity assumption on X is not really restrictive. It should suffice for the 
study of asymptotic stability, when the variety X is imbedded into projective space by the 
bases of the antipluricanonical bundle K]^^ for p large. 



Remark. The seminorm || ■ ||# is degenerate. Its main property is that for any norm || • ||b 
on H'^iGr, 0{d)) with ||/|| > for / 0, there exists a constant C > so that 

II/II#<c||/||b (6.25) 

for all / e H^{Gr,0{d)). This follows from the continuity of || ■ ||#, which requires a 
somewhat technical argument. For our purposes, it suffices to observe that the second 
term in the expression (1.1) for || ■ ||# is continuous, since the only possible divergences of 
the integrand is logarithmic. As for the first term, we can estimate it as follows 

l^log (^iv^Sr^dd ( |j//^^j)'|L )) ^^Gr < G supaMV J^u^^Sr (6-26) 

Since the logarithmic is an increasing function and supQj,log | V/p = logsup^^lV/p, the 
right hand side is bounded on the unit ball with respect to || • ||_b in H^{Gr,0{d)), and 
our claim follows. 
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Remark. As mentioned in §5, the Deligne Pairing is related to the concept of CM stabihty, 
as defined by Tian [T2]: 

Let G = SL{N + 1, C). Let tt : A" — > S be a G equivariant holomorphic fibration between 
smooth varieties, equivariantly embedded in S x P-^. Tian constructs a G equivariant fine 
bundle Lb over B and a metric || • ||q on with the following property: Let b & B and 
let X = 7r-i(6). 

uU<Pa)^ C- log ",,^ ''^ (6.27) 



|2 



for some positive constant C. 



Now we let /C be the relative canonical bundle of X over B and let C be the 0(1) bundle 
on X. Let 

M = </C, £,£,...,£> (X/B) 

be the Deligne pairing of the bundle /C and n copies of the bundle C. Then M. is a G 
equivariant line bundle Lb over B and comes equipped with the Deligne metric || • Let 
b E B and let X = 7r~^(b). Then we can show that 



a ■ 


b\ 


12 

Id 




1^1 


12 

\d 



u^{(j),)= C- log "ii,''^ (6.28) 



It is natural to compare (6.27) and (6.28) and investigate their relationship. Also, the 
role of the pairing < /C, /C, /C, > (X/B) {p copies of JC and q copies of C with 

p + q = n + 1) needs to be clarified. These questions will be addressed in an upcoming 
paper. 
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